Magnetic Feshbach resonances play a central role in experimental research of atomic gases at ultracold temperatures, as they allow one to control the microscopic interactions between ultracold atoms by tuning an applied magnetic field. These resonances arise due to strong hyperfine interactions between the unpaired electron and the nuclear magnetic moment of the alkali metal atoms. A major thrust of current research is to create an ultracold gas of diatomic alkali-metal molecules in the ground rovibrational state of the ground electronic 1 Σ state. Unlike alkali metal atoms, 1 Σ diatomic molecules have no unpaired electrons. However, the hyperfine interactions of molecules may give rise to magnetic Feshbach resonances. We use quantum scattering calculations to study the possible width of these resonances. Our results show that the widths of magnetic Feshbach resonances in ultracold molecule-molecule collisions for 1 Σ molecules may exceed 1 milliGauss, rendering such resonances experimentally detectable. We hope that this work will stimulate the experimental search of these resonances.
I. INTRODUCTION
Much of the success of experimental research with ultracold atomic gases is due to the possibility of tuning the scattering length of ultracold alkali metal atoms by means of magnetic Feshbach resonances [1] . The scattering length near a Feshbach resonance undergoes rapid variation as a function of the magnetic field, which has been used for experimental studies of Bose-Einstein condensation (BEC) [2, 3] , bosonic superfluidity [4] , quantum magnetism [5] , many-body spin dynamics [6] , Efimov states [7] , Bardeen-Cooper-Schrieffer (BCS) superfluidity [8] and the BEC-BCS crossover [9, 10] . A major thrust of current experiments is to extend this work to ultracold molecules [11] . Of particular interest are polar alkali metal dimers in the ground 1 Σ electronic state produced by magnetoassociation of ultracold atoms into a weakly bound state followed by the coherent transfer into the absolute ground state via stimulated Raman adiabatic passage (STIRAP) . Several experiments have recently demonstrated the creation of ultracold KRb molecules [12] in the ground electronic and ro-vibrational state and rapid progress is being made with RbCs [13, 14] and other alkali metal dimers [15] [16] [17] [18] .
Polar molecules offer long-range dipolar interactions, which can be used for new exciting applications such as the study of dipolar crystals [19] and ultracold controlled chemistry [20, 21] . While the long-range interactions between polar molecules can be controlled by an external electric field [22, 23] , many applications, such as quantum simulation of spin-lattice models [24] or the study of dipolar effects on BEC and the BEC -BCS crossover [25] , require independent control over short-range and longrange interactions. The short-range interactions could, in principle, be controlled by magnetic Feshbach resonances.
In order for atoms or molecules to exhibit magnetic
Feshbach resonances, it is necessary that (i) the collision partners exhibit the Zeeman effect; and (ii) the different Zeeman states be coupled by the interaction potential of the colliding partners. The Zeeman effect of alkali metal atoms is determined by both the electron and nuclear spins. Due to strong hyperfine interactions between the unpaired electron and the nuclear magnetic moment in these atoms, each Zeeman state is a linear combination of the electron and nuclear spin states. If expressed in the basis of the Zeeman states, the matrix of the interaction potential between two alkali metal atoms contains off-diagonal matrix elements proportional to the energy difference between the singlet ( 1 Σ) and triplet ( 3 Σ) electronic states of the collision complex [26] . These matrix elements give rise to magnetic Feshbach resonances.
Consider now closed-shell atoms with non-zero nuclear spin -such atoms exhibit the Zeeman effect due to the non-zero magnetic moment of the nucleus. However, the interaction potential between the colliding atoms does not perturb the Zeeman structure. Because the Zeeman states do not depend on the electronic degrees of freedom, the matrix of the interatomic interaction potential in the basis of the nuclear spin states is diagonal and the collision properties of atoms in different Zeeman states are identical. Such atoms do not exhibit magnetic Feshbach resonances.
The ultimate goal of the magneto-and photo-assoication experiments is to produce molecules in the absolute ground state. If chemically non-reactive [27] , molecules in the absolute ground state are collisionally stable. The lowest-energy state of 1 Σ diatomic molecules is characterized by zero electronic spin angular momentum and zero rotational angular momentum of the nuclei. If excited rotational states are ignored, 1 Σ molecules in the ground rotational state can be viewed as closed-shell atoms. When placed in a magnetic field, 1 Σ molecules exhibit the Zeeman effect due to non-zero magnetic moments of the nuclei. However, the nuclear spins are un-coupled from the electronic degrees of freedom. To first order, the nuclear spins are also uncoupled from the rotational or translational motions of the molecules.
The presence of closely-spaced rotational states makes 1 Σ molecules different from closed-shell atoms. The electronic interaction between molecules couples different rotational states of the molecules. Because the Zeeman structure of molecules in different rotational states is different, the interplay of the couplings induced by the molecule -molecule interaction potential and the interactions induced by molecular rotations may give rise to magnetic Feshbach resonances that can be used to control ultracold collisions of 1 Σ molecules. The experimental feasibility of magnetic field control of molecule -molecule collisions depends on the widths of these resonances. While the above discussion suggests that these resonances must be narrower than the magnetic resonances in collisions of open-shell species, there have been no attempts to calculate the widths of magnetic resonances in molecule -molecule collisions.
In 
where B rot is the rotational constant of the molecule, N is the molecular angular momentum excluding nuclear spins, the operatorĤ hf describes the hyperfine interaction [29] andĤ Zeeman describes the response of the molecule to an external magnetic field. Following Aldegunde et al. [29] , we write the hyperfine interaction aŝ
where I i is the nuclear spin of nucleus i. The first term in Eq. (2) is the electric-quadrupole interaction, which represents the interaction of the nuclear quadrupole moment Q i with the electric field gradient V i at nucleus i. The second term is the nuclear spin-rotation interaction between the magnetic moment of the nuclear spin and the magnetic moment created by the molecular rotation. The third and fourth terms describe the tensor and scalar parts of the nuclear spin-spin interaction respectively, the tensor T describes the direct dipolar interaction and the anisotropic part of the indirect interaction, which occurs via the electronic distribution [28, 30] . The constants in the hyperfine Hamiltonian are borrowed from Ref. [29] . They have the following values: The interaction with the magnetic field is a sum of the rotational and nuclear contributionŝ
where g r and g i are the rotational and nuclear g-factors and σ i is a nuclear screening factor. The calculated values [29] of the constants are g r = 0.0062, g87 Rb = 1.834, g133 Cs = 0.738, σ87 Rb = 3531 ppm and σ133 Cs = 6367 ppm.
Following Aldegunde et al. [29] , we diagonalize the total Hamiltonian using the fully uncoupled space-fixed basis,
2 and the projections of the corresponding angular momenta M Rb , M Cs , and M N are defined with respect to the direction of the magnetic field vector. The hyperfine states of 87 Rb 133 Cs(X 1 Σ + ) in the ground rotational state are shown in Figure 1 . At zero magnetic field, the energy levels are labeled by the quantum number of the total angular momentum F = I Rb + I Cs + N. At high magnetic fields, the energy levels can be labeled by the nearly good quantum numbers M Rb and M Cs . Recent experiments demonstrated that ultracold alkali metal dimers can be selectively prepared in any Zeeman state of the ground rotational state [31] . In the present work, we examine the strength of collision-induced couplings between the Zeeman states shown in Figure 1 . These couplings lead to nuclear spin relaxation and magnetic Feshbach resonances in molecule -molecule collisions.
To evaluate the outcome of collisions, we follow the approach described in Refs. [32, 33] . The total scattering wavefunction, for molecules A and B, is expanded in the uncoupled space-fixed basis |τ A τ B LM L , where
N , for molecule i, and L is the end-over-end rotational angular momentum of the molecule -molecule collision complex. This basis is then symmetrized with respect to the interchange of two identical molecules [34, 35] . The total angular momentum is not conserved for collisions in a magnetic field. However, the total angular momentum projection M tot and the parity are conserved and the Hamiltonian can be block diagonalized. For each value of M tot and parity, we reduce the Schrödinger equation to a set of coupled-channel equations. The solutions of these equations are propagated outwards over a radial grid of molecule -molecule separation using the improved log-derivative method of Manolopoulos [36] . We divide the radial grid into short (4 to 80 a 0 ) and long (80 to 1000 a 0 ) range regions and use the grid step sizes of 0.0305 a 0 (for the short range region) and 1 a 0 (for the long range region). At 1000 a 0 , the log-derivative matrix is transformed into the basis of asymptotic eigenvectors [32] and matched to the appropriate scattering boundary conditions [37] to obtain the S-matrix. The scattering cross sections are then calculated from the S-matrix elements.
The integration time of the scattering differential equations scales as the third power of the number of channels (number of coupled equations). Incorporating the hyperfine structure into molecule-molecule scattering calculations creates hundreds to thousands of additional channels making the calculations unfeasible. Approximations are thus required to make calculations feasible and allow the investigation of hyperfine structure effects in molecular collisions.
III. SUMMARY OF APPROXIMATIONS
The accuracy of the coupled-channel calculations depends on the number of basis states and on the accuracy of the molecule -molecule interaction potential employed for the computations. In this section we discuss the approximations used to make our calculations feasible, the justification for these approximations and the expected effect of the simplifications on the computed observables.
The highest order interaction, that is predominantly responsible for Feshbach resonances, is a combination of the second order couplings due to the nuclear quadrupole interaction and the molecule -molecule interaction potential. To first approximation, we propose to neglect all states that are not coupled to a desired initial channel via these second order couplings. Practically, this requires neglecting channels that differ from a specified initial channel by |∆M Itot | > 2N max , where
Cs and N max is the largest value of the rotational angular momentum included in the calculation. Neglecting these states approximately halves the number of channels in the calculation. For example, this approximation reduces the number of coupled equations encompassing the molecular states with N ≤ 3 and L ≤ 2 for M tot = 10 from 4238 to 2060. We have confirmed that this approximation affects the calculated cross sections and resonance widths by less than 1 %.
Even with this reduction of the basis set, it is impossible to converge the cross sections for molecule -molecule scattering with respect to the number or rotational states in the basis. Most of the calculations reported here were performed with the basis set restricted to three rotational states of each molecule (N ≤ 2) and three angular momenta (L ≤ 2) for the end-over-end rotation of the collision complex. This basis set allows us to include all firstorder and second-order couplings due to the hyperfine interactions. Such restricted basis sets were previously used to draw qualitative conclusions about the dynamics of electronic spin relaxation in molecule -molecule collisions [38] [39] [40] .
The following section reports the cross sections for nuclear spin relaxation and the widths of magnetic Feshbach resonances. It is necessary to consider the effect of the rotational basis set truncation on these computed observables. Including more rotational states in the basis will lead to more (indirect) couplings between the initial nuclear spin state and other Zeeman states. Therefore, it should be expected that the calculations with larger basis sets will -in general -yield larger cross sections for nuclear spin relaxation and magnetic Feshbach resonances with larger widths. Our aim is to answer the general question of whether the hyperfine interactions are strong enough to lead to observable inelastic cross sections and Feshbach resonances. We argue that if the hyperfine interactions are strong enough in a small basis allowing for first-and second-order couplings, they must be equally or more effective when higher-order interactions are included.
The third simplication made in the present work concerns the potential energy surface. Although the interaction energy of the RbCs -RbCs complex has been calculated for selected geometries [41, 42] , there is currently no full potential energy surface available for two alkali metal dimers in the ground electronic state. As a starting point for our calculations, we use the quintet potential surface recently computed for NH( 3 Σ − )-NH( 3 Σ − ) collisions by Janssen et al. [43] . The interaction potential between polar alkali metal dimers is expected to be more deeply bound and anisotropic than the NH-NH surface [41, 42] . For example, the interaction energy of the RbCs -RbCs complex is approximately 1000 cm −1 [41] at the minimum of the potential energy surface, whereas that of the NH -NH complex is 675 cm −1 [43] . Larger interaction strength and stronger anisotropy must lead to stronger couplings. Therefore, the cross sections for the nuclear spin relaxation and Feshbach resonance widths computed with the NH -NH surface should generally be smaller than those computed with more anisotropic surfaces.
In summary, the combined effect of the basis set truncation and the use of the NH -NH surface leads to fewer and less strong off-diagonal couplings. Therefore, our calculations of the nuclear relaxation cross sections and the resonance widths should be considered as lower bounds of general predictions. In addition, we present results for a range of scaled interaction potentials. Quantum calculations of scattering observables for ultralow collision energies are usually sensitive to small variations of the interaction potential. As recommended in Refs. [39, 44, 45] , the results must be calculated and presented for a range of potential surfaces. Averaging over multiple potential surfaces reduces the basis set trunction error [39, 44, 45] and yields an expected range of the calculated observables. We multiply the NH -NH potential by a constant factor in order to scale the interaction strength over a range of values up to the predicted depth of the RbCs-RbCs potential [41, 42] . The long range region of the surface most relevant for ultracold collisions is determined by the electric dipole moment of the interacting molecules. The difference between the dipole moments of NH (1.39 D [46] ) and RbCs (1.25 D [29] ) is well within the range of the scaling.
IV. CALCULATION RESULTS
In the absence of the perturbatively small hyperfine interaction Eq. (2), the states of a 1 Σ molecule are characterized by the quantum number N of the rotational angular momentum. If two 1 Σ molecules were initially prepared and remained during a collision in the rotational ground state N = 0, the nuclear spin states would be completely decoupled from the translational motion of the molecules. The molecules would behave as closed-shell atoms so no Feshbach resonances or collision-induced transitions between different Zeeman states would be possible. However, as can be seen from Eq. (2), the hyperfine interaction includes tensors acting on the rotational states with non-zero N so the hyperfine structure depends on the rotational angular momentum N . In states with N > 0, the nuclear spins are coupled to the rotational motion of the molecules. The moleculemolecule interaction potential induces couplings between rotational states that modify the hyperfine interactions during collisions. These couplings may give rise to magnetic Feshbach resonances and induce the nuclear spin relaxation in molecule -molecule collisions.
We begin by analyzing the probability of nuclear spin relaxation of two molecules prepared in the same hyperfine state. Figure 2 shows the cross sections for elas-tic scattering and inelastic spin-relaxation in collisions of 87 Rb 133 Cs molecules prepared in a number of different initial states, at a collision energy of 1 nK and at magnetic fields of 10, 100 and 1000 Gauss. The inelastic cross sections are summed over all accessible quantum states. The cross sections were calculated with three rotational states N ≤ 2 and three partial waves L ≤ 2 in the basis set. The elastic cross section does not change appreciably with magnetic field. Therefore, we only show the elastic cross section for collisions in a magnetic field of 10 Gauss.
For molecules prepared in the maximally spinstretched state (M Rb = −3/2, M Cs = −7/2, see Figure 1 ) of the ground rotational state (N (A) = N (B) = 0) and in the s-wave collision chanel (L = 0) pertinent for ultracold collisions, any change in the nuclear spin quantum numbers must be accompanied by a change in L. This leads to centrifugal barriers in outgoing collision channels that suppress inelastic relaxation [32, 47] . In this case, the dominant off-diagonal coupling responsible for the nuclear spin-relaxation is induced by the second order interplay of the nuclear quadrupole interaction and the intermolecular interaction potential. The nuclear quadrupole interaction mixes different rotational states N with different M i , where M i is either M Rb or M Cs , and the interaction potential mixes different rotational states with the same M i but different L. The effect of this coupling is illustrated in Figure 3 , displaying the spin-relaxation cross section computed with modified Hamiltonians excluding the nuclear quadrupole moments of Rb and Cs. When the nuclear quadrupole moment of Rb is set to zero, the nuclear-spin relaxation cross section is reduced by four orders of magnitude. When the quadrupole moments of both nuclei are set to zero, the cross section is reduced by about five orders of magnitude. The nuclear quadrupole moment of Rb is an order of magnitude larger than that of Cs [29] . Therefore, setting the quadrupole moment of Cs to zero has an insignificant effect. Although the effect of the Cs quadrupole moment is small we include both the Rb and Cs quadrupole moments in the calculations of resonanace widths.
We have also investigated nuclear spin relaxation in collisions of molecules in other than spin-stretched states. The results presented here are for M tot = −8. When (one or both) molecules are prepared in states with |M i | < I i , there are multiple s-wave channels corresponding to N (A) = N (B) = 0. Interestingly, when both molecules are in the state with M Rb = −1/2 and M Cs = −7/2 (see Figure 1) , there are no energetically accessible s-wave inelastic channels in the limit of zero collision energy (e.g., at 1 nK) and the cross section for the nuclear spin-relaxation is similar to that for collisions of molecules in the state with M i = I i for both nuclei. This can be seen in Figure 3 . However, at around 10 µK, new s-wave channels become open and the nuclear spin relaxation becomes a mixture of the second-order nuclear quadrupole transitions and direct barrier-less transitions to other s-wave states.
When both molecules are in the state with M Rb = − and M Cs = − 5 2 , there are multiple s-wave channels open at all collision energies. The nuclear spin transitions do not have to change L and the cross section for nuclear spin relaxation is an order of magnitude larger than for the maximally stretched state. It can also be seen that the nuclear quadrupole coupling is no longer dominant, as at low collision energy the is no significant change in the inelastic cross section when the quadrupole moments are set zero.
The couplings responsible for nuclear spin relaxation are also responsible for magnetic Feshbach resonances. To illustrate this, we calculate the magnetic Feshbach resonances for molecules prepared in the lowest-energy spin-stretched state (M Rb = 
The quantitative accuracy of the results presented is limited by the interaction potential surface and the basis set restrictions. While it is unlikely that increasing the basis set may decrease the resonance widths observed, it is necessary to confirm this. To examine the effect of the interaction potential variation on the width of the resonances, we scale the NH-NH potential by a linear factor, interactions can lead to Feshbach resonances with widths up to 10 mGauss.
We note that the scattering of ultracold alkali metal dimers is expected to be strongly influenced by multiple resonances arising not only from the hyperfine structure of molecules but also from the dense spectrum of ro-vibrational states [49, 50] . We do not observe the large number of resonances predicted in Ref. [50] because our calculations use a very limited basis set of rotational states and no vibrationally excited states of molecules. If the density of resonances in molecule -molecule collisions is large enough, the scattering of ultracold molecules may become predominantly resonant, leading to the formation of long-lived collision complexes and possible removal of molecules from ultracold gas through three-body recombination. These losses may preclude the magnetic field control of ultracold collisions of molecules. The likelihood of these detrimental processes is still a subject of debate. It will depend on the density of the ro-vibrational resonances, which should generally be smaller than the density of the corresponding ro-vibrational states due to non-ergodic effects.
The results presented here should be useful for the nonergodic corrections in the statistical estimates of the density of resonances in collisions of molecules with hyperfine structure [50] . For example, our results show that the manifold of hyperfine states displayed in Figure 1 participating in the scattering dynamics encompassing about 4000 collision channels leads to the appearance of only about five resonances in the magnetic field interval between 0 and 10000 Gauss. The next step in the analysis of resonant scattering of molecules should be a quantum calculation including a large number of rotational and vibrational states in addition to the hyperfine structure of molecules. We hope that the present work will stimulate further theoretical work of hyperfine structure effects in collisions of 1 Σ molecules as well as the experimental studies of ultracold collisions of 1 Σ molecules in a magnetic field.
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